This article is focused on a multidimensional nonlinear variational wave equation which is the Euler-Lagrange equation of a variational principle arising form the theory of nematic liquid crystals. By using the method of characteristics, we show that the smooth solutions for the spherically-symmetric variational wave equation breakdown in finite time, even for the arbitrarily small initial energy.
Introduction
We are interested in a nonlinear wave equation derivable form a variational principle of the theory of nematic liquid crystals. In nematic liquid crystals, the mean orientation of the long molecules can be described by the so-called director field n(x, t) at a spatial location x and time t. In the regime in which inertia effects dominate viscosity, that is, ignoring the kinetic energy of the director field, the propagation of the orientation waves in the director field can be modeled by the least action principle [15] δ 1 2 ∂ t n · ∂ t n − W (n, ∇n) dxdt = 0, n · n = 1, (1.1)
where W (n, ∇n) is the well-known Oseen-Franck potential energy density W (n, ∇n) = 1 2 k 1 (∇ · n) 2 + 1 2 k 2 (n · ∇ × n) 2 + 1 2
with elastic constants k 1 , k 2 and k 3 of the material. For the planar deformations of the director field n depending only on a single spatial variable with x = (x, 0, 0) and n = (cos u(x, t), sin u(x, t), 0), then (1.1) reduces to
with c 2 (u) = k 1 sin 2 u + k 3 cos 2 u. The Euler-Lagrange equation of (1.3) given by
which is also called the one-dimensional variational wave equation, see [2, 15] for more information and applications of (1.4). Equation (1.3) has been widely explored since it was introduced. In particular, Glassey, Hunter and Zheng [12] shown that, even for smooth initial data with arbitrarily small energy, its solutions can form cusp-type singularities in finite time. The existence of global dissipative weak solutions to (1.4) were systematically studied by Zhang and Zheng in [18] [19] [20] , also see the work of Bressan and Huang [6] . In [7] , Bressan and Zheng proposed the the method of energy-dependent coordinates to establish the global existence of conservative solutions to its Cauchy problem for initial data of finite energy. The uniqueness of the conservative solutions was provided by Bressan, Chen and Zhang [5] . For more relevant results of (1.4) can be found among others in [3, 4, 13, 14] . We also refer the reader to Refs. [8, 11, 21, 22] for the study of the one-dimensional nonlinear variational wave systems.
The multidimensional version of variational wave equation (1.1) reads that [7, 12, 18] u tt − c(u)∇ · (c(u)∇u) = 0.
(1.5) Equation (1.5) can also be derived from the variational principle whose action is a quadratic function of the derivatives of the field [1, 2, 15] . In this short article, we show the singularity formation of smooth solutions for the nonlinear variational wave equation (1.5) with spherically symmetric initial data. Set u = u(t, r), r = |x|, where x = (x 1 , · · · , x d ) (d > 1) are the spatial independent variables, then (1.5) can be reduced to
We assume that the wave speed c(·) ∈ C 2 satisfies
for some positive constants c 0 , c 1 . Our main singularity formation result is
where ε > 0 is a constant. Then there exists a small positive constant ε 0 (the number ε 0 is given in
The approach of proving Theorem 1 is inspired by Glassey, Hunter and Zheng [12] for studying the singularity formation of the one-dimensional equation (1.4) . We derive an energy equation of smooth solutions for the spherically-symmetric equation (1.6) which is the key point in this paper. Based on the energy equation, we use the method of characteristics to prove that singularity formation occurs before the effect of the geometric singularity need to be considered. Due to the arbitrary smallness of the initial energy, we know that this is a cusp-type singularity. Our result is contrasted with the result of Lindblad [16] for studying the spherically-symmetric nonlinear wave equation
(1.10)
In [16] , the author showed that there exists a global smooth solution to (1.10) with smooth, small, and spherically symmetric initial data in R 3 . It is clear that, compared with (1.10), equation (1.5) contains a lower-order term cc ′ |∇u| 2 , which is responsible for the blow-up in the derivatives of u. For more related singular examples, one can refer to [9] [10] [11] 17] and references therein. We present the detailed proof of Theorem 1 in the next section.
The proof of Theorem 1
The proof of Theorem 1 is divided into five steps. In Step 1, we derive the equations in terms of the Riemann variables and the energy equation. In Step 2, we establish the estimate of the energy. Step 3 is focused on establishing the estimate of Riemann variables in the characteristic triangle region. We control the sign of c ′ (u) in Step 4. Finally, we show that the breakdown of smooth solutions occurs before t = (r 0 − ε)/c 1 in Step 5.
Step 1. We introduce the following variables
(2.1)
Then, for smooth solutions, there hold by (1.6)
2)
We multiply the first equation in (2.2) by R and the second one by S and then add the resulting equations to obtain the key energy equation
We point out that the above energy equation may have more applications, for example, to establish the existence of energy-conservative weak solutions.
Step 2. Corresponding to (1.9), we have u r (0, r) = φ ′ r − r 0 ε , R(0, r) = εr α u r (0, r),
The small constant ε can be first chosen ε < min{c 0 , r 0 /2}. From (2.4) and (1.8) we see that
Denote the energy function E(t) as follows
Thus from (2.5) and (1.7), we use the energy equation (2.3) to estimate the energy E(t) for t ≤ (r 0 − ε)/c 1
for some positive constant K.
Step 3. Let r 2 > r 1 > 0 be two constants. We define the positive characteristic curve r + (t) (or t + (r)) from (0, r 1 ) and negative characteristic curve r − (t) (or t − (r)) from (0, r 2 ) by
(2.8)
Thanks to (1.7), we see that, if
9)
then the curves r + (t) and r − (t) will interact at some point (t m , r m ) satisfying t m < r 0 −ε c 1 and r 1 < r m < r 2 , see Fig. 1 . We now consider the characteristic triangle region bounded 
Step 4. Denote r =r(t) with t < (r 0 − ε)/c 1 (or t =t(r)) the positive characteristic curve from (0, r 0 ), see Fig. 1 . Then the definition ofr(t) is given by dr(t) dt = c(u(t,r(t))),r(0) = r 0 .
(2.12)
We next control the sign of c ′ (u) on the curve r =r(t) by choosing ε small enough. Recalling the definition of R in (2.1) yields du(t,r(t)) dt = R(t,r(t)) r α (t) .
(2.13)
We integrate (2.13) from 0 to t < (r 0 − ε)/c 1 and employ (2.11) to acquire
According to the C 2 regularity assumption of c(·), we can choose ε ′ small enough such that for ε < ε ′ there holds on the curve r =r(t)
Step 5. Now we show that S(t,r(t)) becomes infinite before time t = (r 0 − ε)/c 1 . We first recall (1.8), (2.4) and the chosen of ε < r 0 /2 to find that 16) which means that
We choose small constant ε 0 > 0 satisfying
Then for ε < ε 0 , we claim that S(t,r(t)) goes to infinite at some point t * < (r 0 − ε)/c 1 . To this end, we first show that, if S(t,r(t)) is smooth in t ∈ [0, (r 0 − ε)/c 1 ), then S(t,r(t)) > 1.
If not, we assume that there exists a numbert ∈ (0, (r 0 − ε)/c 1 ) such that the function S(t,r(t)) ∈ C 1 ([0,t]) satisfying S(t,r(t)) = 1 and S(t,r(t)) > 1 for t ∈ [0,t). By the equation for S in (2.2), we derive
Integrating (2.20) from t = 0 to t =t yields
which together with (2.17) and (2.11) leads to
a contradiction. Therefore, we have S(t,r(t)) > 1 in t ∈ [0, (r 0 − ε)/c 1 ) before the blowup time. We now integrate (2.20) from t = 0 to t < (r 0 − ε)/c 1 ) and apply (2.17) and (2.19) to arrive at 1 S(t,r(t))
from which we see that there exists a number t * such that S(t,r(t)) → ∞ as t → t − * and the number t * satisfies t * < r 0 − ε 2c 1 + r 0 4c 1 < r 0 − ε c 1 .
Recalling (2.1) and noting the boundness ofr(t), the proof of Theorem 1 is complete.
